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ABSTRACT 


This  paper  generalizes  the  Zacks  model  for  minefield 
crossings.  Zacks  computes  in  his  model  the  probability 
of  the  Nth  vehicle  crossing  a minefield  and  also  the 
distribution  of  the  number  of  vehicles  crossing  the 
field.  Zacks'  computations  are  made  under  the  assumption 
that  all  the  vehicles  are  of  the  same  type  and  only  one 
kind  of  mine  is  present  in  the  field.  This  paper  removes 
both  these  restrictions. 
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THE  GENERALIZED  ZACKS  MODEL 


by 

Edmund  H.  Inselmann,  PhD 

Combat  operations  Analysis  Directorate 

Combined  Arms  Combat  Developments  Activity 

Comuiried  Arms  Center 

Fort  Leavenworth,  Kansas  66027 


Tne  purpose  of  this  mote  is  to  generalize  the  Zacks  minefield  model*  for 
computing  the  probabilities  of  vehicles  crossing  a minefield.  In  the 
Zacks  model  only  one  type  of  mine  and  one  type  of  vehicle  are  considered. 
This  paper  shows  how  the  model  can  be  extended  to  different  mines  and 
different  vehicles.  This  note  follows  the  Zacks  paper  closely,  and  the 
reader  is  advised  to  have  a copy  of  that  paper  at  hand  when  reading  this 
note. 


The  Zacks  model  begins  with  the  discussion  of  the  number  of  mines  in  the 
path  of  the  vehicle.  In  the  Zacks  model,  only  the  number  of  mines  is 
required;  nere,  the  number  of  mines  for  each  mine  type  is  needed. 

Tne  following  notation  is  introduced: 


H 

rt(h) 

M(I,H) 

J(H) 


Tnen: 


mine  type,  H=1,2,...,M 

number  of  clusters  of  the  Hth  type  mine 

number  of  the  Hth  type  mines  in  the  Ith  cluster 

random  number  of  the  Hth  type  mines  in  the  path  of  a 
given  tank 

random  number  of  the  Hth  type  mines  from  the  Ith  cluster 
that  are  in  the  path  of  the  tank 

N(H) 

J(H)  = J{I’H)  (Eq 

1 = 1 


*Zacks,  S.  Survival  Distributions  in  Crossing  Fields  Containing  Clusters 
of  ausorption  Points  witn  Possiple  Detection  and  Uncertain  Activation  or 
Aosorpti'on.  Technical  Report  23,  department  of  Mathematics  and  Statistics, 
Case  western  Reserve  University,  Cleveland,  Ohio.  June  1976. 
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A o A t J / ^ 


HOW  • 


(s) 


= numoer  of  comuinations  of  N things  taken  M at  a time 


- probability  that  one  of  the  Hth  type  mines  from  the 
Ith  cluster  is  in  the  path 


Tnen: 


Pr{j(I,H)=j|  = probability  that  j mines,  coming  from  the  Ith 
cluster  of  the  Hth  type  mine,  are  in  the  path 

Trie  probability  that  j of  these  mines  are  in  the  path  is  given  by: 


Pr | J(I ,H)  = j 


! - 


(Eg  2) 


bumming  over  all  clusters  yields  the  probability  that  a total  of  j mines 
are  in  the  path: 

N(H) 

Pr{J(H)  = j } « S S 11  Pr|j(k,H)=j  i (Eq  3) 

j=j1+j2+-..+jN(H)  k=l  k' 

Equation  3 is  Zacks'  equation  3.9  with  a subscript  H for  mine  type.  Note 
that  Pr{J(l),...,J(M)}  is  the  product  of  the  Pr{J(H)} 's. 

now  let: 

P (H,V)  = probability  that  the  Vth  type  vehicle  will  detect  the 

d Hth  type  mine 

Pa(H,V)  = probability  that  the  Vth  type  vehicle  will  activate  the 
Hth  type  mine 

Pk(H,V)  = probability  that  the  Vth  type  vehicle  will  be  killed 
by  the  Hth  type  mine 

Then  the  probability  that  a vehicle  V will  survive  an  encounter  with  an 
Hth  type  mine  is: 

b(H,V)  = Pd(H,V) 

(Eq  4) 
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♦I1' 


j(H,V)} 


{l-Pa(H,V)} 


+ Pa(H,V)  • 


Hence,  the  prooaoility  that  the  first  vehicle  of  type  V,  will  survive  the 
Htn  type  mine  encounter,  given  J(H)=j,  is  given  by  equation  5: 


Pr{s](H,V1)|  J(H)«j}  = S(H,V1)J 


(Eq  5) 


Tne  probability  that  the  first  vehicle  will  survive,  given  the  J's,  is  the 
product  Pr{S|(VJ*s| J's } over  all  mine  types.  Hence,  the  probability  of 
survival  for  the  first  vehicle  is  the  sum  over  the  J's  of  the  product  (the 
prooability  of  survival  given  the  J's  and  the  probability  of  the  J's); 
that  is: 

fi(H) 

P|>,(V,)}  = Pr|Sj(H,Vj)|  J(H)  = j(H)|  • Pr|j(H)  * j(H)| 

where  M is  the  number  of  mine  types.  This  corresponds  to  Zacks'  equation  4.3. 

Additional  notation  is  required  to  calculate  the  probability  that  the 
second  vehicle  V crosses  tne  minefield: 


= random  nuiwer  of  Hth  type  mines  destroyed 
by  the  Vth  type  vehicle  on  a crossing  of 
the  path 

Pr{H1(l,V)=m1,M1(Z,V)=mi,...M1(M,V)=mM  | J( 1 )=j1 . . . J(M)=JM | = probability 

that  nij  of  the  first  type  mine,  m2  of  the 

second  type  mine,...mf/)  of  the  last  type  mine 

are  destroyed,  given  that  of  the  first 

type  mine,  of  the  second  type  mine,...jM 

of  the  last  type  mine  are  in  the  path 

W(H,V)  = |l-Pd(H,V)}  |l-Pa(H,V)}  (Eq  6) 

Pr|b^|  iylj  ( 1,  V)=mj. . .Mj  (H,V)=mM,  J(1  )=j^ . . . J(M)=jM  } = probability  that 

the  second  vehicle  survives,  given  M(<  of  JH 
mines  in  the  path  have  been  destroyed 


Thus: 


Pr^2!Ml (1.V)“n|l — Mi (M.V)=mM.J(  l)=j1 J(M)=jf J = II 


jH-,nH 


Jmi  = 11  S(H,V)jh 

' H=  1 

(Eq  7) 


M 

ji>(H,V)-W(H,V)jmH  W(H,V)JH'mH  + j l-S(H.V)!  • S(H , V ) -W(H , V)/  ^ • 


Tne  calculation  of  the  probability  that  the  nth  vehicle  Vn  survives  is 

obtained  uy  considering  the  probability  that  the  vehicle  survives  an 
nth  type  mine  encounter,  given  that  there  were  originally  j(H)  of  such 
mines  and  mn_j  were  destroyed  by  the  n-1  vehicles  that  preceded  the 

current  venicle. 


/ \ w j / 

E ( " ) WMj'H'V  II  V | ^ 

rm-lW'/  VH  \«, 

rH  UH  1 x ' ri=mi  V 1 


w(i,j)ri~mi 


lurvi iE':fs'!gi,eSU^'0n  4-,6;  henCe-  the  probal>im»  second  vehicle 

«(D  N(H)  j,  j„ 

Pr|i2|  - 2 ...  E E ...  E PrjM1(l,V)-m1  ... 

Jl=0  jM=0  m,=0  mM=0 


jM=0  m,=0  mM=0 


(Eq  9) 


/Mi 

il||(M,V)=n\v||  J(l)-j1 ... | II  pr  J(H)=jh  S(H,V)JH"mH 

H=1  ‘ t 


Let: 


M (II  y ) = random  number  of  Hth  type  mines  destroyed  by  the 

* r,_ * passing  of  the  1 vehicles  over  the  path 

S (H,V  ) = the  random  event  of  the  nth  vehicle  surviving  the 
n ’ n Hth  type  mine 


Then: 


probability  that  the  nth  vehicle  survives  given  that  mH  of  the  jh 


j -m 

lines  have  been  destroyed  = n S(H,V  )JH  H 

H=1  n 


(Eq  10) 


Pr|Sn(Vn)’tVl(1»Vn)=n,l--Mn-l(H’Vn)=,T,H  I j * 


Prj‘Vl(1-Vn)=fnl***Mn-l(H»Vn)!  £ S<H’V  H H 

(Eq  11) 


how,  the  probability  of  mn  losses  having  occurred  with  the  Vn  crossing 
oy  the  Hth  type  mine,  given  that  there  had  been  j mines  in  the  path, 
must  oe  calculated. 


M (h, V ) = random  number  of  Hth  type  mines  destroyed  by  the  first 

n n n vehicle  crossings. 

These  prooaoi lities  will  be  calculated  recursively  as  follows: 


Prj  Mn(1,V)=mr..Mn(M,V)=n^|  J(l)=jr..J(H)=jH| 


(Eq  12) 


l • ■ 

•••  £ PrJM,(,.,m-l)=rr-«,(H.,„.,)=rJJ(,)=j,-Vrl{* 

r,=0  rM=0 

Pr|,'ln-l*l’#n^Mrrl WM-Vl>“VrMlJbW,...J(M)=jMj 

Tnis  probaoi ] i ty  depends  on  the  order  in  which  vehicles  enter  the  path, 
wow  the  probability  that  the  nth  vehicles  survives  is  given  by: 


Pr/Vv n>i  J0)=j1...J(H)=jH  [ • ...  prjwn_1(l,Vn  l)=m1 


(Eq  13) 


rtn- 1 Vn_ , >*raMl J( 1 )- j i . - - J(M)“ Jrt ( n S(H,Vn)JH'mH 

hence,  the  probability  that  Vn  survives,  given  the  J's,  is: 


7!  Prjsn(Vn)l  J(l)=j,...J(M)=ji,j  nPr{j(H)=jHf 


(Eq  14) 


In  conclusion, 
survivors  of  N 


the  paper  considers  the  distribution  of  the  number  of 
crossings.  This  is  determined  recursively. 


Let: 


I(K)  = a random  variable;  1,  if  the  Kth  vehicle  survives  the 
minefield  crossing;  0,  otherwise 

X(K)  = a random  number  of  vehicles  out  of  K that  have  survived 
crossing  the  minefield. 


X(K)  - 1(h)  (Eq  15) 

h=l 

SSn s given  Tfonowsf  * *1  ^ M1 ( 1 • ^ ^ (M , Vj ) given  0(1),... 


Pr Jx(l)=l,M1(l,V1)*m1,...M1(M,V1)=mM;j(l)=j1,.. .J(M)=j 


Ml 


M /j 


H),,/,,  ,,  \ H |0/ll  w x ..  ,i^H  mH 


=H=lVmHyW(H’Vl)  WH.ViJ-WfH.Vj)}' 


(Eq  16) 


Hence : 


Pr|X(l)=0,M1(l,V1)=m1,...M1(M,V1)=ny1l  J(l)*j1,...j(M)=jM} 

(Eg  17) 
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Now  the  recursive  probabilities  for  X (k)  and  M.(1,V.  ) . . .M,(M,Vk)  given 
J(1)...J(M)  are  written  as: 


Prjx(K)=i,Mk(l,Vk)=M1,...Mk(M,Vk)iJ(l)=j1...J(M)=jMf 


ml  > 

= X/  •••  X[PrlXk-l=1‘1,Mk-l^1,Vk-l^=rr*,Mk-l^M’Vk-l^=r 


rr°  rM=0 


J(l)=J1...J(M)=jM  \ • 


Pr{x(l)=l,M1(l,Vk)=m1-rr..M1(M,Vk)=tTy1-rMiJ(l)=j1-r1...J(M)=jM}+ 


+ ^K-r1  •Mk.i(1»vk_i)=rr--Mk.i(M»vk-i)=rmiJ(1)=ji*--J(M)=jh 


Pr{x(l)=0,M1(l,Vk)=m1-r1...M1(M,Vk)=ny1-rMiJ(l)=j1-r1...J(M)=jM| 


(Eq  18) 


Then: 


N(l)  N(H)  jj  jH 

•••  E E •••  E 

j,=0  ju=0  M,=0  Mn=0 


PrjX(K)=i,MK(l,VK)=M1,...,MK(H,VK)=MHiJ(l)=j1,...J(H)=jf 


(Eq  19) 
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